Let n be a positive integer and let S be a sequence of n integers in the interval [0, n − 1]. If there is an r such that any nonempty subsequence with sum ≡ 0 (mod n) has length = r, then S has at most two distinct values. This proves a conjecture of R. L. Graham. A previous result of P. Erdős and E. Szemerédi shows the validity of this conjecture if n is a large prime number.
Introduction and main result
We quote:
" Graham stated the following conjecture:
Let p be a prime and a 1 , . . . , a p p non-zero residues (mod p). Assume that if ǫ i is uniquely determined. The conjecture states that there only two distinct residues among the a's. We are going to prove this conjecture for all sufficiently large p. In fact we will give a sharper result. To extend our proof for the small values of p would require considerable computation, but no theoretical difficulty. Our proof is surprisingly complicated and we are not convinced that a simpler proof is not possible, but we could not find one. (P. Erdős and E. Szemerédi [4] )"
The conviction that a simple proof must exist was restated by Erdős and Graham in [2] .
In this work, we prove Graham's Conjecture for non necessarily prime noduli. Since our proof uses an ingredient (proved by elementary methods, but not very shortly), it could not the simple proof whose existence is suspected by Erdős and Szemerédi. Actually the Erdős-Szemerédi Theorem may be formulated equivalently as a modular Zero-sum statement:
Theorem A (Erdős-Szemerédi [4] )Let p be a sufficiently large prime and let S be a sequence of p integers in the interval [1, p − 1]. If there is an r such that any nonempty subsequence with sum ≡ 0 (mod p) has length = r, then S has at most two distinct values.
In this paper, we obtain the following generalization of this result: Theorem 1.1 Let n be a positive integer and let S be a sequence of n integers in the interval [0, n − 1]. If there is an r such that any nonempty subsequence with sum ≡ 0 (mod n) has length = r, then S has at most two distinct values.
In the investigation of Zero-sum sequences in an abelian group G, it is quite convenient to work with an unordered sequence. This is usually done by identifying a sequence with an element of the free abelian monoid generated by G. This point of view together with the bases of Zero-sum Theory are presented in the text book of Geroldinger-Halter-Koch [5] .
One may also define a sequence as a word. In this case, multiplication is just juxtaposition and thus x n is the word x, . . . , x. We shall present our proofs in such a way to fit with each of these definitions.
We give below examples of sequences with a unique non-empty length for modular zero-sum sequences.
• S = 1 n−1 x, where x is an integer.
• S = 1 n−2 (q + 1) 2 , where n = 2q + 1.
• S = 2 q+r 1 q−r , where n = 2q and r is odd.
Preliminaries
Let T be a subsequence of a sequence S. We shall denote the sequence obtained from S by deleting T by ST −1 . The sum of elements of S will be denoted by σ(S). The maximal repetition of a value of S will be denoted by h(S).
We present below few tools:
has a nonempty subsequence with length ≤ h(S) and sum ≡ 0 (mod n).
Lemma B is a special case of Conjecture 4 of Erdős and Heilbronn [3] . In a note added in proofs, Erdős and Heilbronn [3] mentioned that Flor proved this conjecture using the Moser-Scherck's Theorem [7] .
The next Lemma is just an exercise:
values, has a nonempty subsequence with sum ≡ 0 (mod n).
Let S = a 1 · . . . · a t be a sequence of integers. We write m * S = (ma) · . . . · (ma t ). The following result is a basic tool in our approach:
Theorem D ( [6] , [8] ) Let t be positive integer with t ≥ n+1 2
. Let a 1 , · . . . ·, a t be integers and put T = a 1 · . . . · a t . If T has no nonempty subsequence with sum ≡ 0 (mod n).
Then there exists an integer m co-prime to n and positive integers
b 1 , . . . , b t such that m * S = b 1 · . . . · b t and b 1 + . . . + b t < n.
Proof of the main result
We start with one lemma: 
Proof. We have clearly
Thus (i) holds.
By (i), we have a t ≤ v and (ii) holds clearly for k ≤ a t . may Assume k > a t . Let ℓ be the maximal integer of [1, t] 
is a subsequence of S of length at least two and of sum = k, proving (ii).
Let us prove (iii). Assume that
, and since v ≥ a 1 by (i), we may assume that t ≥ 2.
Let s be the maximal integer of
a i are two subsequences of S with sum = k and of distinct lengths.
For s < t, we have
Thus, (
a i are two subsequences of S with sum k and of distinct lengths.
Proof of Theorem 1.1:
Suppose to the contrary of the theorem that S assumes three distinct values. Then 0 is not among the values of S, otherwise S · 0 −1 would be a modular zero-sum free subsequence of S with length n − 1, and hence S · 0 −1 assumes only one value, by lemma C, a contradiction.
We distinguish two cases.
.
By lemma B, we have r ≤ h(S).
Put S = a v a 1 · . . . · a t , where a i = a, for i = 1, . . . , t.
By our assumption, we have t ≥ 2.
Assume first that gcd(a, n) > 1. Thus
. It forces that r = n gcd(a,n) = n 2 and gcd(a, n) = 2. It follows that 2 ∤ a i , for i = 1, . . . , t. Otherwise a i = ℓa (mod n) for some positive integer 2 ≤ ℓ ≤ n gcd(a,n) = n 2 and a n 2 −ℓ · a i would be a modular zero-sum subsequence with length < r.
Since gcd(a, n) = 2 and all a i are odd, we have that a i + a j = s ij a (mod n) for any i = j ∈ {1, 2, . . . , t} for some 0 ≤ s ij ≤ n 2 − 1. Now
It follows that s ij = 2. Therefore a i + a j ≡ 2a for any i ∈ {1, 2, . . . , t}.
If t ≥ 3. Since a i + a j ≡ 2a (mod n) and thus (observing that a i ∈ [1, n − 1]) a 1 = a 2 = . . . = a t , a contradiction. So, we have t = 2. But Now we have a n−2 (a 1 a 2 ) is also zero-sum modulo n, a contradiction. Therefore, we assume that gcd(a, n) = 1. Thus for some m coprime to n, we have
Clearly every modular zero-sum subsequence of R has length = r. Now we shall show that
Suppose to the contrary that b t ≥ n − v.
We must have b 1 ≤ n−v −1, since otherwise, b 1 ·1 n−b 1 and b t ·1 n−bt would be two modular zero-sum subsequences of R of distinct lengths. Since b t · 1 n−bt is a modular zero-sum subsequence of S, we have that
≥ n − v, and so b t ≤ v + 1.
n−b 1 −bt and b t · 1 n−bt are two modular zero-sum subsequences of R of distinct lengths, a contradiction.
Choose a subsequence T of R with σ(T ) ≡ 0 mod n with a maximal number of values. Put
We shall assume that 2 ≤ x 1 ≤ . . . ≤ x u and that 2 ≤ y 1 ≤ . . . ≤ y w .
We must have
Similarly y 1 ≥ τ + 1.
Clearly, u ≥ 1. By (1) and since |T | ≤ v, we have
By (1) and since v ≥ n 2
, we have that b t < n 2
. It follows that
Since x 1 y 1 1 n−x 1 −y 1 and x u y w 1 n−xu−yw are modular zero-sum subsequences, we conclude that x 1 = · · · = x u and y 1 = · · · = y w . Since S has at least 3 distinct values, we have x 1 = y 1 , thus, T ′ = 1 n−x 1 −y 1 · x 1 · y 1 is a modular zero-sum subsequence of R, with more distinct values than T, a contradiction.
Choose a modular zero-sum subsequence T of S. Then ST −1 a modular zero-sum free subsequence with
. By Theorem D, for some positive integer m coprime to n, we have m
Put R = m * S. Clearly every modular zero-sum subsequence of R has length = r. So without loss of generality, we may take m = 1. Also, put
We first note that
1 T ) is a zero-sum sequence of length larger than |T |, a contradiction.
We must have w ≥ 1. Otherwise,
and hence
i T ) is a modular zero-sum subsequence of S for every i = 1, · · · , u.
This forces that x 1 = · · · = x u , a contradiction on that S takes at least three distinct values.
We must have u ≥ 2, since otherwise (observing that u = 0),
there is a subsequence U of ST −1 with |U| ≥ 2 such that x 1 = σ(U). Now 1 τ x 1 and 1 τ U are modular zero-sum subsequences with distinct lengths, a contradiction.
Thus,
w ≥ 1 and u ≥ 2.
Let X ℓ be the unique integer of [0, n − 1] such that
x i (mod n)
for ℓ = 1, . . . , u.
Applying Lemma 3.1 (ii), we have that
and so
By Lemma 3.1 (iii), we have that
where (T ) denotes the set of the sums of the nonempty subsequences of T.
By (3), we have that
for i = 1, . . . , u, which implies
for any 1 ≤ i 1 < i 2 ≤ u. By lemma 3.1 (i), we see that γ ≥ y 1 .
Therefore, by (4), (6) and (7) we conclude that X 2 / ∈ [1, γ + 
